Abstract. The closed symmetrized polydisc of dimension three is the set Γ3 = {(z1+z2+z3, z1z2+z2z3+z3z1, z1z2z3) : |zi| ≤ 1 , i = 1, 2, 3} ⊆ C 3 .
Introduction
A triple of commuting operator (S 1 , S 2 , P ) defined on a Hilbert space H for which the closed symmetrized tridisc Γ 3 = {(z 1 + z 2 + z 3 , z 1 z 2 + z 2 z 3 + z 3 z 1 , z 1 z 2 z 3 ) : |z i | ≤ 1 , i = 1, 2, 3} ⊆ C 3 .
is a spectral set is called a Γ 3 -contraction. In Theorem 4.8 of [9] , the author of this article have shown that corresponding to every Γ 3 -contraction (S 1 , S 2 , P ) there exist two unique operators A 1 , A 2 on the space D P such that S 1 − S this unique pair was named the fundamental operator pair. In this note, we shall discuss various important properties of the fundamental operator pairs of Γ 3 -contractions. Indeed, in Section 3 we determining a necessary and sufficient condition for a pair (A 1 , A 2 ) to become the fundamental operator pair of a given Γ 3 -contraction. Also in the same section we determine the conditions for admissibility of two pairs of operators to become the fundamental operator pairs of a Γ 3 -contraction and its adjoint. Given two operator pairs (A 1 , A 2 ) and (B 1 , B 2 ) on certain Hilbert spaces, we find conditions under which there exists a Γ 3 -contraction (S 1 , S 2 , P ) such that (A 1 , A 2 ) is the fundamental operator pair of (S 1 , S 2 , P ) and (B 1 , B 2 ) is the fundamental operator pair of its adjoint (S * 1 , S * 2 , P * ). In Section 4, we determine a set of unitary invariants for pure Γ 3 -contractions. We mention here that a Γ 3 -contraction (S 1 , S 2 , P ) is said to be pure if P is a pure contraction, that is, P * n → 0 as n → ∞. These invariants include the associated fundamental operator pairs. In Section 2, we accumulate few results from the existing literature which we shall use in the sequel.
Brief literature
We recall from [11] a set of characterizations of the closed and open symmetrized tridisc.
Theorem 2.1. For x = (s 1 , s 2 , p) ∈ C 3 the following are equivalent (1) x ∈ Γ 3 (respectively ∈ G 3 ) ; (2) 3 − s 1 z − s 2 w + 3pzw = 0, ∀ z, w ∈ D (respectively,∈ D; (3) |3s 1 − 3s 2 p| + |s 1 s 2 − 9p| ≤ 9 − |s 2 | 2 (respectively, < 9 − |s 2 | 2 ) ; (3 ′ ) |3s 2 − 3s 1 p| + |s 1 s 2 − 9p| ≤ 9 − |s 1 | 2 (respectively, < 9 − |s 1 | 2 ) ; (4) |s 1 | 2 − |s 2 | 2 + 9|p| 2 + 6|s 2 −s 1 p| ≤ 9 (respectively, < 9) and |s 2 | ≤ 3 (respectively, < 3) ; (4 ′ ) −|s 1 | 2 + |s 2 | 2 + 9|p| 2 + 6|s 1 −s 2 p| ≤ 9 (respectively, < 9) and |s 1 | ≤ 3 (respectively, < 3) ; (5) |s 1 | 2 + |s 2 | 2 − 9|p| 2 + 2|s 1 s 2 − 9p| ≤ 9 (respectively, < 9) and |p| ≤ 1 (respectively, < 1) ;
and x = (3b 11 , 3b 22 , det B) ; (8) |p| ≤ 1 (respectively, < 1) and there exist c 1 , c 2 ∈ C such that |c 1 | + |c 2 | ≤ 3 (respectively, < 3) and 
Definition 2.3. A Γ 3 -contraction (S 1 , S 2 , P ) is said to be a Γ 3 -unitary if the Taylor joint spectrum σ T (S 1 , S 2 , P ) lies within the distinguished boundary
A Γ 3 -isometry is the restriction of a Γ 3 -unitary to a common invariant subspace.
The following result from [9] gives a model for pure Γ 3 -isometries. 
where 
Fundamental operator pairs: properties and admissibility
The fundamental operator pair (A 1 , A 2 ) of a Γ 3 -contraction (S 1 , S 2 , P ) is the unique operator pair defined on D P that satisfies
Here D p is the closure of the range of the operator (I − P * P ) 1 2 . In [9] , the author has proved that for any Γ 3 -contraction (S 1 , S 2 , P ) there exits two unique operators A 1 , A 2 such that (3.1) holds ( [9] , Theorem 4.8). We shall see in the next section that the fundamental operator pair plays central role in determining a set of unitary invariants for Γ 3 -contractions.
3.1. Properties of fundamental operator pair. In this subsection, we shall obtain few important properties of the fundamental operator pair corresponding to a Γ 3 -contraction. It is evident from Theorem 4.8 in [9] that a pair of operators (A 1 , A 2 ) defined on D P is fundamental operator pair if and only if it satisfies the following two operator equations in X 1 , X 2 :
The next theorem is going to prove another characterization for the fundamental operator pair of a Γ 3 -contraction. 
Proof. First let (A 1 , A 2 ) be the fundamental operator pair of (S 1 , S 2 , P ). Then
This shows that J = 0 and hence
Conversely, let (X 1 , X 2 ) be a pair of operators on D P such that
Since we just proved that (F 1 , F 2 ) satisfies the equation, we have
, and
To complete the proof, we need to show that Y 1 = Y 2 = 0. We have
We obtained the equalities in the last line by applying (3.2). Thus we have
So lim n→∞ P n h 2 exists. So the series is convergent. So lim n→∞ D P P n h 2 = 0. So The next few results will provide some interesting algebra of interplay between a Γ 3 -contraction and its fundamental operator pair.
To obtain the last two equalities we have used the commutativity of A 1 , A 2 and the two identities
Hence we are done.
Lemma 3.3. Let (S 1 , S 2 , P ) be a Γ 3 -contraction on a Hilbert space H and (A 1 , A 2 ) and (B 1 , B 2 ) be respectively the fundamental operator pairs of (S 1 , S 2 , P ) and (S * 1 , S * 2 , P * ) respectively. Then
Proof. Proving one of the identities is enough because the proof of the other is similar. For h ∈ H, we have
Lemma 3.4. Let (S 1 , S 2 , P ) be a Γ 3 -contraction on a Hilbert space H and (A 1 , A 2 ) and (B 1 , B 2 ) be respectively the fundamental operator pairs of (S 1 , S 2 , P ) and (S * 1 , S * 2 , P ) * respectively. Then
Proof. We shall prove only for i = 1, the proof for i = 2 is similar. Note that the operators on both sides are from D P to D P * . Let h, h ′ ∈ H be any element. Then
Hence the proof.
Lemma 3.5. Let (S 1 , S 2 , P ) be a Γ 3 -contraction on a Hilbert space H and (A 1 , A 2 ) and (B 1 , B 2 ) be the fundamental operator pair of (S 1 , S 2 , P ) and
2 )D P * h. One can similarly prove the other relation. Now we prove the main result of this subsection. 
Proof.
(i) We have D P S 1 = A 1 D P + A * 2 D P P by Theorem 3.1. On multiplication by A 2 from left we obtain,
Subtracting these two equations we get
The first implication follows by applying Lemma 3.2. This essentially completes the proof of part-(i) of the theorem.
(ii) Again from Lemma 3.4, we have that P A i = B * i P | D P for i = 1, 2. So we have
To obtain the implications we have used the commutativity of A 1 , A 2 , the density of range of P in H and Lemma 3.4. This completes the proof of part (ii) of the theorem. (iii) From Lemma 3.3, we have
gives after multiplying A 2 D P from right in both sides
Subtracting those two equations we get
We have used density of the range of P in H and Lemma 3.2. Hence the proof is done. A 2 ) and (B 1 , B 2 ) defined on some certain Hilbert spaces. It is natural to ask when there exists a Γ 3 -contraction (S 1 , S 2 , P ) such that (A 1 , A 2 ) is the fundamental operator pair of (S 1 , S 2 , P ) and (B 1 , B 2 ) is the fundamental operator pair of its adjoint (S * 1 , S * 2 , P * ). In this subsection, we shall answer this question. We begin with a lemma. Lemma 3.8. Let (A 1 , A 2 ) be fundamental operator pair of a Γ 3 -contraction (S 1 , S 2 , P ) and (B 1 , B 2 ) be fundamental operators of the Γ 3 -contraction (S * 1 , S * 2 , P * ). Then
Proof. We prove equation (3.5) only, proof of equation (3.6) is similar.
The last equality follows by using Theorem 3.1, Lemma 3.4 and Lemma 3.5. Also we have
Theorem 3.9. Let (A 1 , A 2 ) and (B 1 , B 2 ) be respectively the fundamental operator pairs of a Γ 3 -contraction (S 1 , S 2 , P ) and its adjoint (S * 1 , S * 2 , P * ). Then
Conversely, let P be a pure contraction on a Hilbert space H. Let B 1 , B 2 ∈ B(D P * ) have numerical radii no greater than 3 and (B 1 , B 2 ) is almost normal. Suppose A 1 , A 2 ∈ B(D P ) with numerical radii no greater than 3 are such that A 1 , A 2 , B 1 , B 2 satisfy the equations (3.7) and (3.8) . Then there exists a Γ 3 -contraction (S 1 , S 2 , P ) such that (A 1 , A 2 ) is the fundamental operator pair of (S 1 , S 2 , P ) and (B 1 , B 2 ) is the fundamental operator pair of (S * 1 , S * 2 , P * ). Proof. We apply Lemma 3.8 to the Γ 3 -contraction (S * 1 , S * 2 , P * ) to obtain the forward implication.
For the converse, let us define W :
Where the last inequality follows from the fact that (T 1 , T 2 , V ) is a Γ 3 -contraction.
To obtain the equalities above, we used the fact that RanW is invariant under M * z . Similarly one can show that S * 2 − S 1 P * = D P * B 2 D P * . This shows that (B 1 , B 2 ) is the fundamental operator pair of (S * 1 , S * 2 , P * ). Let (Y 1 , Y 2 ) be the fundamental operator pair of (S 1 , S 2 , P ). Then we have, by first part of Theorem 3.9,
By this and the fact that B 1 and B 2 satisfy equations (3.7) and (3.8), for some operators A 1 , A 2 ∈ B(D P ) with numerical radii no greater than 3, we have A 2 ) is the fundamental operator pair of (S 1 , S 2 , P ). The proof is now complete.
A set of unitary invariants
Given two contractions P and P ′ on Hilbert spaces H and H ′ respectively, we say that the characteristic functions of P and P ′ coincide if there are unitary operators u : D P → D P ′ and u * : D P * → D P ′ * such that the following diagram commutes for all z ∈ D,
In [7] , Sz.-Nagy and Foias proved that the characteristic function of a completely non-unitary contraction is a complete unitary invariant. The following theorem says this. 
be respectively the fundamental operator pairs of (S 1 , S 2 , P ) and (S ′ 1 , S ′ 2 , P ′ ). Then
Similarly one can prove thatŨ A 2Ũ * = A ′ 2 .
Let u : D P → D P ′ and u * : D P * → D P ′ * be unitary operators such that
2 u * and u * Θ P (z) = Θ P ′ (z)u holds for all z ∈ D. The unitary operator u * : D P * → D P ′ * induces a unitary operator U * : H 2 (D) ⊗ D P * → H 2 (D) ⊗ D P ′ * defined by U * (z n ⊗ ξ) = (z n ⊗ u * ξ) for all ξ ∈ D P * and n ≥ 0. Note that U * (M Θ P f (z)) = u * Θ P (z)f (z) = Θ P ′ (z)uf (z) = M Θ P ′ (uf (z)), for all f ∈ H 2 (D)⊗D P and z ∈ D. Hence U * takes RanM Θ P onto RanM Θ P ′ . Since U * is unitary, we have
By definition of U * we have Therefore H P ′ = U * (H P ) is a co-invariant subspace of (I ⊗B ′ * 1 +M z ⊗B ′ 2 ) and (I ⊗B ′ * 2 +M z ⊗B ′ 1 ). Hence P H P (I ⊗B * 1 +M z ⊗B 2 )| H P and P H P ′ (I ⊗B ′ * 1 +M z ⊗ B ′ 2 )| H P ′ are unitarily equivalent and so are also P H P (I ⊗ B * 2 + M z ⊗ B 1 )| H P and P H P ′ (I ⊗ B ′ * 2 + M z ⊗ B ′ 1 )| H P ′ . It is evident that the unitary operator that intertwines them is U * | H P : H P → H P ′ . Also we have U * (M z ⊗I D P * ) = (I⊗u * )(M z ⊗I D P * ) = (M z ⊗I D P ′ * )(I⊗u * ) = (M z ⊗I D P ′ * )U * .
So P H P (M z ⊗I D P * )| H P and P H P ′ (M z ⊗I D P ′ * )| H P ′ are unitarily equivalent by the same unitary U * | H P . Therefore (S 1 , S 2 , P ) and (S ′ 1 , S ′ 2 , P ′ ) are unitarily equivalent. Hence we are done.
